Monte Carlo Study of the Two-Dimensional Spin-1/2 XY Model by Raedt, Hans De et al.
  
 University of Groningen
Monte Carlo Study of the Two-Dimensional Spin-1/2 XY Model





IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.
Document Version
Publisher's PDF, also known as Version of record
Publication date:
1984
Link to publication in University of Groningen/UMCG research database
Citation for published version (APA):
Raedt, H. D., Raedt, B. D., Fivez, J., & Lagendijk, A. (1984). Monte Carlo Study of the Two-Dimensional
Spin-1/2 XY Model. Physics Letters A, 104(8). https://doi.org/10.1016/0375-9601(84)90750-3
Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).
Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.
Download date: 12-11-2019
Volume 104, number 8 PHYSICS LETTERS 17 September 1984 
MONTE CARLO STUDY OF TIIE TWO-DIMENSIONAL SPIN-I/2 XY MODEL ~ 
Hans DE RAEDT 
Physics Department, University of Antwerp, Universiteitsplein 1, B-2610 Wilri/k, Belgium 
Bart DE RAEDT 1 
National Research Council Canada, Division of Chemistry, Ottawa, Canada KIAOR6 
Jan FIVEZ 
Physics Department, University of Antwerp, Universiteitsplein 1, B-2610 ICilri]k, Belgium 
and 
Ad LAGENDIJK 
Natuurkundig Laboratorium, University of Amsterdam, Valckenierstraat 65, 1018 XE, Amsterdam, The Netherlands 
Received 30 May 1984 
The generalized Trotter formula is used to map the two-dimensional spin-l/2 XY model onto a three-dimensional lsing 
model with complicated many-spin interactions. This relationship sused to construct an efficient Monte Carlo algorithm. 
Simulation data for the specific heat and vortex correlation functions give strong evidence for the existence of a phase 
transition. 
Although it is well known that there cannot exist 
long-range order in the two-dimensional (2D) spin-1/2 
XY model at non-zero temperature [1], high-temper- 
ature series expansions [2] suggest he existence of 
critical behavior. Little is known about the quantum 
model mainly because most techniques which have 
been succesfully applied to the classical model (also 
referred to as planar rotator model) are very difficult 
to extend to the quantum case. In particular, quantum 
renormalization group analYsis of the 2D spin-1/2 XY 
model have given either contradictive or unreliable re- 
suits [3-8] .  
An alternative method to calculate the thermody- 
namic properties of this modelis to exploit the formal 
analogy between d-dimensional quantum spin systems 
and (d + 1)-dimensional Ising-spin models [9]. Using 
~' This paper was first submitted to Physical Review Letters 
on 22 July 1983 and finally rejected on 23 April 1984. 
t On leave from the Physics Department, U.I.A, Universiteits- 
plein 1, B-2610 Wilrijk, Belgium. 
430 
the generalized Trotter formula [9], Suzuki showed 
that Z = Tr exp(-/Y-/) = liming** Z m where 
[IX ]m 
Z m = TrL<il ) exp[--(fl/m)tli, i] , (1) 
is the mth approximation to the partition function Z, 
Hi,/= -J(o~i o 7 + o~i o~/ ) , ,  i is the Pauli spin-operator 
at site i and the product in (1) runs over some ordered 
set of nearest neighbor bonds of the square lattice. 
The basic idea of our approach is to calculate the 
thermodynamic properties of the approximation (1) 
and to study the convergence of the results as a function 
of m. Two of us have already given a rigorous solution 
of the simplest approximation Z 1 for a large class of 
orderings and it was shown that in this approximation 
there is a phase transition of unconventional nature 
(i.e. no spontaneous magnetization but a logarithmic 
divergence of the specific heat) [ 10]. 
A disadvantage of the special class of exactly solv- 
able m = 1 approximations is that the construction 
[10] that maps them onto stzggered 8-vertex models 
0.375-9601/84/$ 03.00 © Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 
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[ 11 ] is difficult to generalize to m > 1 and, more im- 
portantly, it is very difficult and inefficient to perform 
Monte Carlo simulations with this type of representa- 
tion. An extensive discussion of the fundamental nd 
technical problems that arise in simulations of 1D 
spin-l/2 models (XY  and Heisenberg models) can be 
found in ref. [12]. 
For the d-dimensional XY model we have found 
representations of (1) that do not suffer from the 
problems encountered in simulations of 1D spin-l/2 
systems [ 12]. First we note that (1) remains invariant 
if we rotate all spins over 7r/2 about he x-axis. Work- 
ing with the XZ instead of XY  model solves the pro- 
blem of constructing algorithms that generate ergodic 
Markov chains. As this step is essential for the con- 
struction of an efficient algorithm, it is clear that our ap- 
proach for the XY model cannot be used to study the 
isotropic Heisenberg system. We partition the hamilto- 
nian in two parts H = A + B where A contains all hor- 
izontal and B all vertical bonds. Clearly A (B) is a sum 
of non-interacting XZ chains. We obtain an expression 
of the form (1) by decomposing A and B into blocks 
of two sites. Having specified the ordering in (1) the 
next step is to introduce complete sets of states be- 
tween all the exponential factors in (1). As each spin 
interacts with four neighbors we need 4raN 2 (N is the 
linear size of the system) Ising-spin variables. To pro- 
ceed further we calculate the explicit form of the ma- 
trix elements of the two-site factors 
(StS/ [exp[Km(O~i O; + off/4)] [aio / ) 
=" 6 SIS~, a iaj (½ sinh 2K m ) 1 / 2 
X exp(~,mSiO j + KmStS/) ,  (2) 
where K m = ~l/m, k m = }In coth Km, ~ IS i ) = 
SilS i ) and ~ Io i ) = oiloi). Finally we sum out 2raN 2 
of the Ising spins analytically [ 13]. In our simulations 
we have used two different decompositions for the XZ 
chains; Suzuki's [9] real-space and Barma and Shastry's 
[14] checkerboard break-up. For m = 1 we can show 
that none of these two choices" is in the class of or- 
derings that lead to the rigorous m = 1 solution [10]. 
In the case of the real-space decomposition the final 
expression for Z m reads 
Z m = c(sinh 2Krn) mN2 
m N N 
X ~'  ~ 'H  l-l El h(l',k)tKj, k ) ,  (3) 
where for periodic boundary conditions 
h(j, k) = cosh[/f (S(k)o (g) m 1j l,j +''" 
S~k,] S (k) a(k) a(k)~ + 
, "'" N , j  l , j " "  N , j l  
+ K (S(k)S(k)S(k)o(k) +... m'. 1,j 2,/ 3,/ 1,j 
+ S (k) S(k) o(k) o~_) 2,j)] 
l , j  " '"  N , ]  1, j  " ' "  
x expt :m(S ?S  ) 
x,(k) ¢(k) ,.,(k) .(k) ] /)] (4) 
+ ~1, / '  "'" °N, j  V2 ,k""  °N-  , ' 
c is an unimportant umerical constant and o(i, k) can 
be obtained from h(j, k) by substituting St k) --, o},~ ) 
and o (k) ._, s(k+ 1 ) The 3D lattice model (3), (4)has ld i,l • 
complicated many-spin interactions and a coupling 
that depends on the lattice size in the new direction 
(labeled by the superscript k). The checkerboard e- 
presentation for Z m looks similar to (3), (4). As for the 
1D case [ 13] we find that the real-space decomposi- 
tion converges faster than the checkerboard break-up 
and therefore we have used the real-space r presenta- 
tion for most of our simulation work. The prime on 
the summation symbols in (3) indicate that the sums 
over the Ising spin variables are restricted by the 2N 
constraints S~k,~ S (k) = o (k) o (k) and o (k) a (k) • "" N,I l,j "'" N,j i,1 "'" i,N 
= ~k+ l) ... S.(k+ 1) We have not been able to remove 
l , l  I, IV " 
all constraints originating from conservation laws but 
we have reduced the number of constraints so dras- 
tically that they can be handled extremely efficiently. 
An efficient implementation f the Monte Carlo 
algorithm [15] is possible by working with string vari- 
ables (products of rows or columns of spins) instead 
of the spins themselves. Also it is not difficult to con- 
struct local spin-flip procedures that can generate r- 
godic Markov chains of configurations. It is straight- 
forward to write down the explicit form of any kind 
of correlation function in terms of expectation values 
of Ising spins. Only because of the high dimensionality 
of the effective lattice model, the computation time 
per correlation function is considerable. For instance, 
inclusion of the code for the vortex correlation (see 
below) results in an increase of 30%. Especially the 
calculation of the in-plane susceptibility (not the in- 
plane correlation function) which .requires summation 
of all correlations of the type St k) S~i,k,j), would exhaust 
our present computational resources. To check the al- 
gorithm we studied 3 X 3 systems as a function of m 
431 
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Fig. 1. Specific heat per site of the 2D spin-l/2 XY model in 
the rn = 1 approximation for lattices of different size. Solid 
line: rigorous taggered 8-vertex solution; broken line: high- 
temperature expansion. For most temperatures full squares 
covet open triangles. Statistical errors are of the size of the 
symbols. 
and found excellent agreement with results obtained 
by summing all terms in (3) and by diagonalizing the 
full hamiltonian. At high temperatures (T~ 4), our 
simulation results for the energy and specific heat are 
in very good agreement with those obtained from high- 
Tseries [3]. All data presented in this paper have been 
obtained from at least wo independent runs of 10000 
Monte Carlo steps per Ising spin each. Simulation of a 
N= 16, m = 8 (16 X 16 X 8, 4096 Ising spin) system 
takes 90 min of  CPU-time on a CDC 170/750. 
Guided by the rigorous rn = 1 result (for a different 
ordening in (1)!) that there is a phase transition at 
sinh 2K~ = 1, we first perform simulations for m = 
1 for systems of different size. In fig. 1 we depict sim- 
ulation data for the m = 1 approximant (C 1) to the 
specific heat. At K ~, K~ the specific heat exhibits a 
maximum that grows slowly with the lattice size. This 
is in concert with the exact m = 1 solution which pre- 
dicts a logarithmic divergence of  the specific heat [9]. 
From our m = 1 simulation data we conclude that the 
phase transition in the m = 1 approximation is not the 
result of  chosing a particular ordering. The first at- 
tempt to simulate the 2D XY model was reported 
by Suzuki et al. [16] who only studied the rn = 1 case. 
Their simulation data for the specific heat disagree 
with ours because their algorithm cannot generate r- 
godic Markov chains of  spin states. 
The power of our approach is that by increasing m 
we can improve approximation (3) systematically. 
From the rn > 1 data shown in fig. 2 we conclude that 
Z 
t.} t o 16x16x4 
• 16 x 16 x 8 
• 24 x 24 x 2 
- 
",t 
0 I 2 3 4 T/J 5 
12 x12 
J t l  I I I I 
I 1 1 I I 
t/m I 
8 5 4 3 
Fig. 2. Specific heat per'site of the 2D spin-l/2 XY in the m = 
1 approximation. Solid line: rigorous taggered 8-vertex solu- 
tion; broken line: high-temperature expansion. Comparison 
with the data of fig. 1 shows that in the critical region the m- 
dependence is very weak. 
Fig. 3. Minus the energy per site (full symbols) and specific 
heat per site (open symbols) as a function of 1/m for the 
12 ~ 12 system. Circles: T/J = 1;squares: T[J = 2 and trian- 
gles T[J = 2.25. The arrow gives the Pearsons estimate of the 
ground-state energy. 
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for T/J > 2 the specific heat, which from the point of 
view of convergence is the most difficult quantity to cal- 
culate [13 ], depends weakly on the particular value of 
m. Except for 2 ~ T ~ 2.5 the size dependence ot the 
energy per site and specific heat per site is small. More 
convincing evidence that the convergence of the energy 
and specific heat is very good is given in fig. 3. In the 
critical region (T[J ~ 2.27) the m-dependence of phys- 
ical quantities i very weak. Therefore it might be 
tempting to assume that to a good approximation the 
critical properties of the 2D spin-l/2 XY model are 
that of the m = 1 representation. Although our numer- 
ical data is not inconsistent with this assumption we 
take the point of view that the subtle film dependence 
of the approximants could change the critical behavior. 
Furthermore it is obvious that it is impossible to prove 
or disprove by means of Monte Carlo data that some 
physical quantity is continuous or divergent. 
To elucidate the nature of the transition we calcu- 
late spin-correlation functions which are sensitive to 
the occurrence ofvortex-like xcitations. In particular 
we study the quantum version of Swendsen's vortex 
detector [17] 
D=N -2 ~ < (1 - o~Yi o~ - azo l )  
plaquettes 
D 
0.8  o 
0.7  • 
0.6  - 
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Fig. 4. The vortex correlation function, which measures the 
degree of disorder in the system, for lattices of different size 
and different m. In the critical region the m-dependence of 
this correlation function is very weak. 
where i(j) and k(l) label the opposite corners of an ele- 
mentary square. Simulation data for the approximant 
D m are shown in fig. 4. As for the energy and specific 
heat the m-dependence ofD m is very weak. The rapid 
change of the disorder-parameter D as K approaches 
K~ strongly suggests that there is a phase transition. 
To demonstrate he versatility of our method we 
have also carried out simulations for systems with N = 
8, 16 and 1 ~< m ~ 32 for temperatures down to T[J = 
0.5. Within the statistical accuracy of the simulation 
data (which for the energy is less than one percent), 
we find that for 0.5 ~ T/J<~ 1.5, the energy is con- 
stant. The extrapolated ground state energy per site 
-2.2 which is in agreement with estimates given by 
Pearson [18]. 
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